Accounting for the influence of system size in relativistic heavy ion collisions, the finite-size form of a critical related observable is suggested. The fixed-point and straight line methods are proposed in exploring the QCD critical point and phase boundary in relativistic heavy ion collisions. As an application, the finitesize behaviour of the ratios of higher net-proton cumulants, dynamical electric charge fluctuations, and transverse momentum correlations in Au + Au collisions at RHIC are examined. 25.75.Nq, 12.38.Mh, 25.75.Gz 
Introduction
The phase diagram of quantum chromodynamics (QCD) indicates that the transition from hadron gas to Quark Gluon Plasma (QGP) may happen in 3 ways: a smooth crossover at high temperature (T ) and small baryon chemical potential (µ B ), and the first order phase transition at low T and large µ B . The endpoint of the first order phase transition is referred to as the critical point (CP) of the second order phase transition [1] [2] [3] [4] [5] . A new form of matter -quark-gluon plasma (QGP) has been found at RHIC [6] [7] [8] . Due to the difficulties of theoretical calculations, the position of the phase boundary, in particular, where the critical point is in the QCD phase diagram is not clear. Since the correlation length at critical point is divergent, it is possible to find the CP in relativistic heavy ion collisions. Therefore, various observables have been suggested from the theoretical side, and have been intensively studied on the experimental side. But up to now, no critical phenomenon has been observed. As we know, all critical signals are obtained under thermodynamic limits. The influences of finite evolution time and system size in relativistic heavy ion collisions are ignored [3] [4] [5] . They will shift the position of the critical point [9] , and smooth the signals [10, 11] . Due to finite evolution time and critical slowing, the system may not reach thermal equilibrium or pass the critical point [12] . The non-equilibrium evolution depends on the given dynamics which are currently unclear. On the other hand, if the system passes the critical point, the finite-size behaviour of phase transition is well built up in statistical physics [13] [14] [15] . The observables show finite-size scaling at both the first and second order phase transitions. The difference is the scaling exponent. It is an integer, or spatial dimension, in the first order phase transition, and a non-integer in the second order phase transition. In the crossover region, the observable is system size independent. These characteristics have been used in identification of the transition of the crossover in Lattice QCD calculations [1, 2] , and the location of the critical point of nuclear fragmentation [16, 17] .
In relativistic heavy ion collisions, the evidence for the application of thermodynamics and statistical physics becomes more and more confident. 1 One fascinating advantage of the experiments is that the initial size of the system formed increases by one order of magnitude from peripheral to central collisions. The centrality well describes the initial size and is measurable, so it is possible to test the finite-size behaviour of the observables at the QCD phase boundary in experiments.
In this paper, the possible finite-size behaviour of a critical related observable is first proposed. Then the finite-size behaviour of suggested observables at RHIC/BES are examined.
Possible behaviours of a critical related observable
In heavy ion collisions, the incident energy √ is a controlling parameter. It may correspond to the temperature T in thermal systems. The relation at RHIC is roughly
given by a thermal model [18] . The initial size of the formed matter (L) is determined by the overlap area of two incident nuclei. It is quantified by centrality and proportional to the number of participant nucleons. Its maximum is
where N A is the number of nucleons of the incident nucleus. The ratio L = N part / √ 2N A specifies the relative size of the initial system. The system size (L ) at transition should be larger than the initial one and in general monotonically increases with it, i.e., L = L 1+δ with δ ≥ 0. Whether we take L or L, the scaling exponents will be different, but the position of the critical point will not be changed. Therefore, as the first step, the initial size is a good approximation.
In that case, the finite-size scaling in heavy ion collisions can be specified as follows. When the size of the formed matter is larger than the microscopic length scale (which is less than 1 fm) and incident energy is near the critical one ( √ c ), the critical related observable, which is the function of incident energy and system size, i.e., Q(
can be written in a finite-size scaling form [13] [14] [15] ,
Here τ = (
c is reduced incident energy. ν and λ are the critical exponents of the correlation length ξ = ξ 0 τ −ν and the observable, respectively. They characterize the universal class of the phase transition. Finitesize scaling indicates that the observable at different system sizes can be re-scaled to an identical scaling function F Q with scaled variable τL 1/ν . At critical energy, √ = √ c , the scaled variable (τL 1/ν = 0) is independent of system size, and the scaling function becomes a constant,
is system size independent at the point. It behaves as a fixed point in the plot of energy dependency of scaled observable. If we take logarithm on the both sides of Eq. (1), it becomes ln Q(
At the critical point τ = 0, the second term becomes a constant and the graph
Therefore, if the fixed point and/or linear behaviour of a scaled observable in heavy ion collisions is found, it will indicate the existence of a critical point. In order to find the exponent of the scale and incident energy of the fixed point, we can first present the incident energy dependence of the observable at different system sizes, then multiply a size factor to the observable Q(
, and change the parameter from −∞ to ∞ to see if all size curves interact to a point for a certain value of 0 at a given incident energy. The point with such behaviour can be defined by the width of all size points in experiment. At a given incident energy, the width is usually defined as the square root of χ 2 of all size points, i.e.,
N L is the number of points, χ 2
Q( √ L)L − is error weighted variance of all size points, and
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Therefore, at a given incident energy, if the minimum of D( √ ) is approximately 1 at 0 , it can be recognized as an experimental point. If it remains larger than 1, there is no demanded point. For the QCD phase boundary, the following 3 cases should be expected:
at a certain incident energy is approximately 1, at nearby incident energies, it is always larger than 1, and the corresponding 0 is not an integer, as shown in the middle of Fig. 1 . This may indicate the existence of the fixed point.
D min (
√ 0 ) at a certain incident energy is approximately 1, at nearby incident energies, it is always larger than 1, and the corresponding 0 is an integer, as the green curve shows on the left side of Fig. 1 . This indicates also the existence of the fixed point, but the scaled power is trivial. The corresponding region is the first order phase transition.
is approximately 1 at all incident energies, as the green line shows on the right side of Fig. 1 , and the corresponding 0 is an integer. This indicates all size curves are overlapped, and there is in fact no fixed point. It corresponds to the transition of crossover.
Finite-size behaviour of critical related observables at RHIC
The suggested observables are the ratios of higher net-proton cumulants 2 , dynamical electric charge fluctuations [19] ,
, and t correlations [20] , C ( √ L) = ∆ ∆ . The ratios of higher net-proton cumulants, i.e., C 4 /C 2 , C 6 /C 2 , for Au + Au collisions at both 200 GeV and 39 GeV from RHIC/STAR 2 are almost centrality, or system size, independent.
The incident energy dependencies of dynamical charge fluctuations and t correlations at 9 centralities are presented in the left part of Fig. 2 . The 9 system sizes are given in the legend. We can examine their fixed-point behaviour by multiplying them by a tuning factor L .
At a given incident energy, the width of all size points, D( √ ), changes with parameter . There is a minimum (D min ( 0 )), and the parameter 0 is around 2 for each of the observables. The incident energy dependence of the minimum (D min ( 0 )) is displayed in the right part of Fig. 2 , where for the charge fluctuations and t correlations, the minimums at four incident energies are between 0.5 to 1.5, respectively.
As we know, an experiment point should have the defined minimum width 1 ± 1. So at four measured incident energies, properly scaled, the charge fluctuations and t correlations have equally good point-like behaviour, the same as the crossover region shown in the rightmost part of Fig. 1 . These imply that properly scaled charge fluctuations and t correlations are also centrality or size independent, similar to the ratios of higher net-proton cumulants at same two higher incident energies. 2 The size independence of the three suggested observables may indicate the transition at the four measured incident energies at RHIC are smooth crossover.
Summary
In this paper, the possible finite-size behaviours of critical related observable in relativistic heavy ion collisions are discussed. They can be used as an identification of the QCD phase boundary. The system size dependence of the ratios of higher net-proton cumulants, dynamical electric charge fluctuations, and t correlations at nine different centralities are examined in the frame of suggested finitesize behaviours. They consistently show system size in- [19, 20] . Right: energy dependency of minimum widths of (a) dynamical electric charge fluctuations, and (b) t correlations.
dependence at four measured incident energies. In order to confirm the conclusion, the same analysis for upcoming data from RHIC/BES, as well as conventional models, should be performed. Certainly, the finite-size behaviour of the system without any phase transition may be similar to the case of crossover.
